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Abstract
We have investigated the microwave non-reciprocity for a non-centrosymmetric an-
tiferromagnet Ba2MnGe2O7. The magnon modes expected by the conventional spin
wave theory for staggered antiferromagnets are certainly observed. The magnitudes
of exchange interaction and magnetic anisotropy are obtained by the comparison with
the theory. The microwave non-reciprocity is identified for one of these mode. The
relative magnitude of microwave non-reciprocity can be explained with use of spin
wave theory and Kubo formula.
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I. INTRODUCTION
Simultaneous breaking of spatial inversion and time reversal symmetries give rise to
unique material properties. For example, the electric polarization is induced by the mag-
netic field, and reciprocally, the magnetization by the electric field in the symmetries-broken
systems, which is termed magnetoelectric (ME) effect1–3. The giant ME effect has been
observed in many multiferroic materials4,5. The high frequency ME response can induce
the unique properties of electromagnetic wave in media; the reflective index for wave vec-
tor +k becomes different from that for −k, which is denoted as non-reciprocal directional
dichroism (NDD) or birefringence. Rikken et al., first observed the NDD in a chiral molecule
under a magnetic field6. Similar NDD has been discerned in many multiferroic materials in
the optical and X-ray regions7–9. Recently NDD has been reported also in terahertz(0.1-10
THz)2,3,10,11,13,15–19 and microwave(1-100 GHz)20–24 regions. The characteristic of these fre-
quency regions is that the excitations in magnetic materials are mostly caused by magnetic
resonances. NDD for the magnetic resonances in ferromagnetic and helimagnetic states
has been studied, extensively. NDD for antiferromagnetic resonance has also been studied
with use of terahertz technique in a non-centrosymmetric antiferromagnet Ba2CoGe2O7
2,3,10.
While large NDD was successfully observed for Ba2CoGe2O7, the intra-atomic magnetic tran-
sition was overlapped and the low energy antiferromagnetic resonance was observed only in
the high magnetic field region. In order to extensively analyze the NDD for the antiferro-
magnetic resonance with use of simple spin wave theoretical model, we have investigated a
related material Ba2MnGe2O7.
Ba2MnGe2O7 has the same non-centrosymmetric crystal structure as Ba2CoGe2O7[Fig.
1(a)], but the Mn2+ ions replace the Co2+ ions4,25. Mn2+ ion has isotropic S = 5/2 state
because all the five d orbitals are singly occupied. The staggered antiferromagnetic structure
is realized below TN = 4 K
4. In the in-plane magnetic field, the magnetic structure is
rotated so that the staggered component of magnetic moment is perpendicular to the external
magnetic field as shown in Fig. 1(b). The magnetic exchange interaction between nearest
neighboring Mn moments is ≈ 27µeV, which is smaller than that of Ba2CoGe2O7 (≈ 230
µeV)4,27. Therefore, the energy scale of antiferromagnetic resonance, which is determined by
the geometric mean of exchange interaction and magnetic anisotropy28, is much lower than
Ba2CoGe2O7. Here we have successfully observed the antiferromagnetic magnon modes of
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Ba2MnGe2O7 in the magnetic fields (0.1-5 T) with use of microwave technique. Moreover
we have identified finite microwave non-reciprocity for one of the antiferromagnetic magnon
modes. By using the ME coupling constant obtained by the static ME effect, we have
found the observed NDD can be quantitatively explained by the spin wave theory and Kubo
formula.
II. EXPERIMENTAL METHOD
We prepared single crystals of Ba2MnGe2O7 by using the Floating zone method
5. We
measured the microwave absorption on the coplanar waveguide, which was designed so that
the characteristic impedance coincides 50 Ω. The width of the signal line was 0.2 mm, and
the gap between the signal line and ground planes was 0.05 mm. The single crystal was put
on the center of waveguide and measured the microwave absorption in the external magnetic
field (H). The microwave absorption spectra ∆S12 was deduced by the difference of S12(H)
from the zero field value. Here, S12 is the transmittance coefficient from port 2 to port 1
(The two ports are connected to the two terminals of waveguide). In this case, we used
the zero field data as the background because the present antiferromagnetic samples show
negligible microwave absorption at H = 0. ∆S21 is the absorption of microwave for the wave
vector opposite to the case of ∆S12. The alternating magnetic field of microwave (H
ω) is
induced in the plane perpendicular to the wave vector k. Hereafter, we specify which crystal
axes are along H and perpendicular to Hω in order to describe the experimental geometry.
The microwave absorption was measured in a superconducting magnet with use of a vector
network analyzer (N5230A, Agilent). All the experimental data in this paper were taken at
T = 1.8 K.
III. RESULTS AND DISCUSSIONS
Figure 2(a) shows the microwave absorption spectra at various magnetic fields for H ‖
[11¯0] and Hω ⊥ [110]. We have identified two peaks in the absorption spectra. One peak
is observed in the low frequency region at a low magnetic field. The peak frequency and
intensity increase with the magnetic field. This mode is denoted as mode 1. The other mode
is observed around 26 GHz in the low field region. The peak frequency is almost unchanged
3
(Fig.1 Y. Iguchi et al.)
D
F
E
G
[
\
]
+
[
\
]
D
E
+
+
P%Ȧ P%Ȧ
P$Ȧ P$ȦP$0
P%0
P0
PȦ PȦ
%D
2
*H
0Q$
0Q%
D
E
H
FIG. 1: (a) Crystal structure of Ba2MnGe2O7. The two Mn ions are denoted as Mn(A) and
Mn(B). (b) Magnetic structure in the magnetic field along the [1¯10] direction of Ba2MnGe2O7.
(c),(d) Illustrations of two magnon modes ((c) mode 1, (d) mode 2) in the in-plane magnetic
field for an easy-plane antiferromagnet. m0A, m
ω
A, m
0
B, and m
ω
B are the static and dynamical
magnetic moments at the sublattice A and sublattice B, respectively. m0 and mω are the static
and dynamical parts of total magnetic moment, respectively. (e) Sketch of experimental setup.
The sample is put at the center of coplanar wave guide. The microwave propagates along the
center signal line. The alternating magnetic field Hω and the alternating electric field Eω are
perpendicular to the microwave wave vector k.
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FIG. 2: (a) The microwave absorption spectra ∆S12 at various magnetic fields in the experimental
geometry with H ‖ [11¯0] and Hω ⊥ [110]. (b) Comparison of ∆S12 at 0.5 T in the two geometries,
H ‖ [100],Hω ⊥ [100] and H ‖ [11¯0], Hω ⊥ [110]. (c) ∆S12 at various magnetic fields for H ‖ [001]
and Hω ⊥ [110]. (d) Experimentally observed and theoretically obtained magnon frequencies.
Squares and triangles indicate the peak frequencies of experimentally observed magnon mode 1
and mode 2 for H ‖ [11¯0], Hω ⊥ [110], respectively, and circles the experimentally observed
magnon mode for H ‖ [001], Hω ⊥ [110]. The corresponding theoretical curves [Eqs. (1)-(3)] are
plotted as solid lines.
below 1 T but gradually decreases with the magnetic field above 1 T. This magnon mode
is denoted as mode 2. The peak frequencies are plotted as a function of magnetic field in
Fig. 2(d). While the frequency of mode 1 increases linearly with the magnetic field, that
of mode 2 gradually decreases as the magnetic field is increased. To examine the origin of
these magnon modes, we measured the polarization dependence of absorption spectra. We
have found that the absorption peak for mode 2 is absent for H ‖ [100] and Hω ⊥ [100] as
shown in Fig. 2(b). This indicates the alternating magnetization in mode 2 is along the
external static magnetic field. Actually such a polarization dependence is expected for the
conventional magnon modes in easy-plane antiferromagnet in the in-plane magnetic field.
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Figures 1(c) and 1(d) illustrate the conventional magnon modes. The one mode is uniform
oscillation of magnetic moment with keeping the relative angle of magnetic moments [Fig.
1(c)]. The other mode is the anti-phase oscillation of two magnetic moments in a unit cell
[Fig. 1(d)]. The oscillation of total magnetic moment is along the external magnetic field.
The mode 2 seems to correspond to the latter magnon modes judging from the polarization
dependence while the mode 1 seems the former magnon mode. Theoretically, the frequencies
of mode 1 and mode 2 are expressed as
ω1 = γµ0H
√
1 +
HA
2HE
, (1)
ω2 = γµ0
√
2HEHA − HA
2HE
H2. (2)
Here γ, µ0, HA, and HE are the gyromagnetic ratio, the magnetic permeability in vacuum,
the magnetic anisotropy field, and the exchange field, respectively. As shown in Fig. 2(d),
these theoretical formula are quite consistent with the experimental observation. To further
examine the theory-experiment correspondence, we study the magnon in the magnetic field
along [001] direction. In this case, one mode is zero frequency rotation of magnetic moments
around the [001] direction. Therefore, only one mode is expected in the finite frequency
regime. We certainly observe only one magnon peak in this experimental geometry [Fig.
2(c)]. The magnetic field dependence of frequency is theoretically expressed as follow28;
ω‖ = γµ0
√
2HE
2HE +HA
(2HE −HA)2H
2 + 2HEHA. (3)
The experimental data of peak frequency is reproduced with the same parameters as the
in-plane-field case. From the fittings of experimental data to the theoretical formula, we
obtained µ0HA ≃ 0.09 T and µ0HE ≃ 4.67 T, which are corresponding to the exchange
interaction constant J ≃ 27 µeV and the single ion anisotropy K ≃ 2 µeV, respectively.
While the estimated exchange interaction almost coincides with that estimated by the pre-
vious neutron scattering study4, the magnitude of magnetic anisotropy in this system was
not reported previously. Reflecting the isotropic S = 5/2 state, the magnetic anisotropy is
much smaller than the isostructural Ba2CoGe2O7 (1.4 meV)
1,27.
As mentioned above, microwaves are expected to show the non-reciprocity in time re-
versal and spatial inversion symmetries simultaneously broken systems. We tried to ob-
serve the microwave non-reciprocity in two experimental geometries. The first geometry is
6
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FIG. 3: (a) Microwave absorption spectra ∆S12 and ∆S21 for H ‖ [100] and Hω ⊥ [100]. (b)
Microwave non-reciprocity ∆S12 − ∆S21 at ±0.4 T for H ‖ [100] and Hω ⊥ [100]. (c) ∆S12 and
∆S21 for H ‖ [010] and Hω ⊥ [010]. (d) ∆S12−∆S21 at ±0.4 T for H ‖ [010] and Hω ⊥ [010]. (e)
∆S12 −∆S21 for H ‖ [010] and Hω ⊥ [010] at various positive and negative magnetic fields.
H ‖ 〈100〉, Hω ⊥ H. In this case, only the mode 1 is observable. In the magnetic field
along [100], the magnetic symmetry is chiral2 and expected to show the non-reciprocity for
counter-propagating microwave along the magnetic field direction. We show the microwave
absorption spectra ∆S12 and ∆S21 at 0.4 T for H ‖ [100] in Fig. 3(a). We have found that
∆S12 and ∆S21 are different from each other. The difference of absorptions ∆S12 − ∆S21
indicates the microwave non-reciprocity. It was reversed in the reversal magnetic field as
shown in Fig. 3(b). It should be noted that the 90 degree rotation of sample around the [001]
direction corresponding to the spatial inversion operation, and the chirality and microwave
non-reciprocity should be reversed when H ‖ k ‖ [010]2. In order to discuss the effect of
spatial inversion on the microwave non-reciprocity, we show the microwave non-reciprocity
for H ‖ k ‖ [010]. As shown in Figs. 3(c) and 3(d), the microwave non-reciprocity is
reversed by the spatial inversion. When the magnetic field is increased, the magnitude of
non-reciprocity increases as shown in Fig. 3(e).
Let us move on to the second geometry of microwave non-reciprocity measurement, where
H ‖ [11¯0] and Hω ⊥ [110]. In this case, the sample has an electric polarization along [001],
and both the mode 1 and the mode 2 are observable. Figures 4(a)-(c) and 4(d)-(f) show
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FIG. 4: (a)-(f)Microwave absorption spectra ∆S12 and ∆S21 for H ‖ [11¯0] and Hω ⊥ [110]. (a),
(b), and (c) show the spectra around the frequency of mode 1 at 0.4 T, 0.3 T, and 0.2 T, respectively.
(d), (e), and (f) around the frequency of mode 2 at 0.4 T, 0.3 T, and 0.2 T, respectively.
the microwave absorption spectra around the mode 1 and the mode 2, respectively. One
can see that the non-reciprocities in this low magnetic field are almost negligible in this
experimental geometry. It should be noted that the non-reciprocity caused by the magnetic
dipolar interaction23, which is distinct from the non-reciprocity due to the material symmetry
breaking, becomes dominant in the high magnetic field region above 0.5 T. The dipolar non-
reciprocity was not reversed by the 90 degree rotation of sample around the [001] direction,
which is equivalent to the spatial inversion.
Finally, let us compare the observed microwave non-reciprocity with the theoretical calcu-
lation. Theoretically, the relative non-reciprocity for the linearly polarized microwave with
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k ‖ x and Hω ‖ z, and Eω ‖ y can be expressed as31
∆S12 −∆S21
∆S12 +∆S21
=
Im
[
χmezy + χ
em
yz
]
2Im
[√
(1 + χmmzz )
(
ε∞ + χeeyy
)] , (4)
where χmeij , χ
em
ij , χ
ee
ij , χ
mm
ij , ε∞ are magnetoelectric, electromagnetic, electric, and magnetic
susceptibility tensors and high frequency relative dielectric constant, respectively. According
to the Kubo formula, these susceptibilities are obtained by the following relations31;
χmeij =
NV
h¯
√
µ0
ε0
∑
n
〈0 |∆Mi|n〉 〈n |∆Pj | 0〉
ω − ωn + iδ , (5)
χemij =
NV
h¯
√
µ0
ε0
∑
n
〈0 |∆Pi|n〉 〈n |∆Mj | 0〉
ω − ωn + iδ , (6)
χmmij =
NV
h¯
µ0
∑
n
〈0 |∆Mi|n〉 〈n |∆Mj | 0〉
ω − ωn + iδ , (7)
χeeij =
NV
h¯
1
ε0
∑
n
〈0 |∆Pi|n〉 〈n |∆Pj | 0〉
ω − ωn + iδ , (8)
where ∆M and ∆P are, respectively, the dynamical polarization and magnetization induced
by the magnon. The matrix element of ∆M can be deduced by using spin wave theory. For
the calculation of ∆P, we assume the d -p hybridization type magnetoelectric coupling and
the coupling constant is determined by the fitting of dc magnetoelectric response mea-
sured by Murakawa et al5. For the detail of theoretical calculations, see the supplemental
material31. In Fig. 5, we plot the theoretically calculated and experimentally observed rel-
ative non-reciprocity (∆S12 − ∆S21)/(∆S12 + ∆S21) for the mode 1. Both the microwave
absorption and the difference of ∆S12 and ∆S21 decrease with decreasing the magnetic field.
The relative non-reciprocity gradually increases as the magnetic field is decreased. The
theoretical calculation of relative non-reciprocity coincides with the experimental data with
respect to both the magnitude and the field dependence. On the other hand, the theoretical
value of non-reciprocity in the second experimental geometry is quite small compared with
the first one, similarly to the experimental result. In this geometry, the static polarization
shows a maximum as a function of angle of H5, and the alternating electric polarization due
to magnon excitation becomes quite small. For this reason, the non-reciprocity due to the
dynamical ME effect is also quite small in this case. Thus, the microwave non-reciprocity
in this system is quantitatively explained by the theoretical calculation, which give rise to
the satisfactory understanding of microwave non-reciprocity in Ba2MnGe2O7.
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FIG. 5: The relative microwave non-reciprocity (∆S12 − ∆S21)/(∆S12 + ∆S21) for H ‖ [100],
Hω ⊥ [100] for the mode 1 is plotted as circles. Solid line stands for the corresponding theoretical
calculation. The relative microwave non-reciprocities for H ‖ [11¯0], Hω ⊥ [110] for mode 1 and
mode 2 are plotted as triangles and squares, respectively. Dashed and dotted lines show the
theoretical calculation of microwave non-reciprocity of mode 1 and mode 2 for H ‖ [11¯0], Hω ⊥
[110], respectively.
IV. SUMMARY
In summary, we observed the antiferromagnetic magnon modes of Ba2MnGe2O7 in the
microwave region. The notable microwave non-reciprocity was observed for the mode 1
for H ‖ [100] and Hω ⊥ [100]. On the other hand, it is negligible for both the mode 1
and mode 2 when H ‖ [11¯0] and Hω ⊥ [110]. The presence /absence and magnitude of
non-reciprocity are explained by the theoretical analysis based on the spin wave theory and
Kubo formula. These quantitative experiment-theory correspondences adequately ensure
the validity of background physics such as non-reciprocal microwave response and the d -p
hybridization mechanism.
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Supplemental Material for the article“Microwave non-reciprocity of
magnon excitations in a non-centrosymmetric antiferromagnet
Ba2MnGe2O7 ” by Iguchi et al.
SI. Magnetic structure in magnetic fields
In this supplemental material, we theoretically discuss the magnetic excitation and the mi-
crowave non-reciprocity in order to compare with the experimentally observed data. Similar
calculations were already done in literatures1–3. We assume the Hamiltonian in Ba2MnGe2O7
is
H = J
∑
<i,j>
Si · Sj +K
∑
i
(Szi )
2 + gµB
∑
i
Si · (µ0H) . (S1)
Here, g is a g value, and µB is the Bohr magneton. µ0 is the magnetic permeability in vacuum.
J is the nearest-neighbor exchange interaction constant. The nearest-neighbor exchange
interaction is antiferromagnetic (J > 0). The interplane magnetic interaction is small com-
pared with the intraplane one4, therefore ignored here for simplicity. Dzyaloshinskii-Moriya
interaction is also ignored. The single-ion anisotropy K > 0 indicates the easy-plane-type
magnetic anisotropy. Si = (S
x
i , S
y
i , S
z
i ) is the spin operator at i sublattice (i = A,B), the
magnetic moment is mi = −gµBSi.
In this section, we deduce the magnetic structure in magnetic fields at T = 0 K with use
of classical approach. We assume two-sublattice magnetic structure. The magnetic field is
applied in the tetragonal plane. Therefore, the magnetic field vector can be expressed as
H = H (cos θH, sin θH, 0) . (S2)
In this case, the spins for each sublattice are vector along the tetragonal plane expressed as
Si = S (cos θi, sin θi, 0) , (S3)
where θi(i = A,B) stands for the angle of spin for the i sublattice. Then the energy is
estimated as
E
N
= 4JS2 cos 2θ + hS {cos (θA − θH) + cos (θB − θH)} , (S4)
13
where 2θ = θA − θB (θA > θB) , h = gµBµ0H . N is the number of unit cell. Neglecting
the finite temperature effect, the spins are ordered so that the energy is minimized. From
the condition, we obtain the directions of spins as follows;
cos θ =
h
8JS
, (S5)
θA = θH + θ + pi, θB = θH − θ + pi. (S6)
The obtained magnetic structure is shown in Fig. S1(a).
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Fig.S1 Y. Iguchi et al.)
FIG. S1: The ground state of easy-plane-type antiferromagnets in the inplane magnetic field H.
SII. Electric polarization
The electric polarization of Ba2MnGe2O7 can be induced by the metal ligand hybridiza-
tion mechanism. The local electric dipole moment at i sublattice is described as
pi = λ
∑
j
(Si · eij)2eij, (S7)
where λ is a constant and eij = (e
x
ij, e
y
ij , e
z
ij) is the unit vector along the bond connecting Mn
ion at i sublattice and jth coordinated oxygen ion. For Ba2MnGe2O7, the lattice constants
are a = b = 8.5022 A˚ and c = 5.5244 A˚. In the unit cell, the Mn ions are located at the po-
sitions (0,0,0) and (0.5a, 0.5a, 0). The four coordinated oxygens around the Mn A ion are at
(0.0825a, 0.187a, 0.2117c), (−0.0825a,−0.187a, 0.2117c), (−0.187a, 0.0825a,−0.2117c), and
(0.187a,−0.0825a,−0.2117c). On the other hand, The coordinated oxygens around Mn
B are at (0.687a, 0.5825a, 0.2117c), (0.313a, 0.4175a, 0.2117c), (0.4175a, 0.687a,−0.2117c),
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(0.5825a, 0.313a,−0.2117c). From these informations, we obtained
eA1 = (0.33487, 0.75903, 0.55833) = (d, f, l),
eA2 = (−d,−f, l),
eA3 = (−f, d,−l),
eA4 = (f,−d,−l),
eB1 = (f, d, l),
eB2 = (−f,−d, l),
eB3 = (−d, f,−l),
eB4 = (d,−f,−l).
The polarization is estimated as the summation of local electric dipole moments divided by
the volume as follows;
P =
λ
2NV
2N∑
i
4∑
j
(Si · eij)2 eij
=
λ
2V
4∑
j=1
[{
(SA · eAj)2 + (SB · eAj)2
}
eAj
+
{
(SA · eBj)2 + (SB · eBj)2
}
eBj
]
=
8dflλ
V


SyAS
z
A + S
y
BS
z
B
SxAS
z
A + S
x
BS
z
B
SxAS
y
A + S
x
BS
y
B

 . (S8)
The effect of inter layer antiferromagnetic stacking is included in this formula. We introduce
the ferromagnetic vector SF and the antiferromagnetic vector SAF;
SF =


SxA + S
x
B
SyA + S
y
B
SzA + S
z
B

 , (S9)
SAF =


SxA − SxB
SyA − SyB
SzA − SzB

 . (S10)
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With these vectors, the polarization can be expressed as
P0 =
4dflλ
V


SyFS
z
F + S
y
AFS
z
AF
SxFS
z
F + S
x
AFS
z
AF
SxFS
y
F + S
x
AFS
y
AF

 . (S11)
In order to compare with the experimentally observed polarization and estimate the
coupling constant λ, we calculate the magnetic structure at finite temperature with use
of molecular field approach. The magnitude of spin is expressed as the thermodynamical
average 〈SA〉 and 〈SB〉.
〈Si〉 = S¯ (cos θ′i, sin θ′i, 0) (S12)
Here i = A,B and |〈SA〉| = |〈SB〉| = S¯. From the mean-field approximation, the Hamiltonian
is
H = HA +HB, (S13)
HA =
∑
i
(4J 〈SB〉+ gµBµ0H) · SA, (S14)
HB =
∑
i
(4J 〈SA〉+ gµBµ0H) · SB. (S15)
The effective magnetic fields are
Heff ,A =
4J
gµB
〈SB〉+ µ0H, (S16)
Heff ,B =
4J
gµB
〈SA〉+ µ0H. (S17)
Because the magnetic torques are zero at steady state,
Heff ,A × gµB 〈SA〉 = Heff ,B × gµB 〈SB〉 = 0. (S18)
Thus the direction of spins is determined as follows;
2θ′ = θ′A − θ′B (θ′A > θ′B) , (S19)
cos θ′ =
h
8JS¯
, (S20)
θ′A = θH + θ
′ + pi, θ′B = θH − θ′ + pi. (S21)
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The thermodynamical average of magnitude of spin S¯ is expressed as follows;
S¯ = SBs
[
Heff ,A · gµB 〈SA〉
kBT
]
= SBs
[
−4J
{
2 (h/8J)2 − S¯2}− h2/8J
kBT
S
]
. (S22)
Here kB is the Boltzmann constant and Bs[x] is the Brillouin function,
Bs [x] =
2S + 1
2S
coth
(
2S + 1
2S
x
)
− 1
2S
coth
( x
2S
)
. (S23)
From Eq. (S22), we can numerically obtain the h dependence of S¯. The h dependence
of θ′ is also obtained by Eq. (S20). In the magnetic field along [110] (θH = pi/4),
〈SA〉 = S¯√
2


− cos θ′ + sin θ′
− cos θ′ − sin θ′
0

 , 〈SB〉 = S¯√2


− cos θ′ − sin θ′
− cos θ′ + sin θ′
0

 , (S24)
〈SF〉 = −
√
2S¯ cos θ′


1
1
0

 , 〈SAF〉 =
√
2S¯ sin θ′


1
−1
0

 . (S25)
Thus the polarization is
P =
8dflλ
V
S¯2


0
0
2 cos2 θ′ − 1

 . (S26)
Figure S2 compares the obtained polarization and experimental data[3]. Here we used
parameters, S = 5/2, T = 1.8 K, V = 8.5022× 8.5022× 5.5244× 10−30 m3, and 4JS/gµB =
µ0HE = 4.67 T. The h-dependences are similar to each other. From the comparison, we
obtained |λ| is estimated as 9× 10−35Cm.
SIII. Antiferromagnetic magnon modes
In this section, we discuss the antiferromagnetic magnon modes. Finite temperature
effect is neglected for simplicity. First, we introduced the coordinate system along the spin
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FigP .eps
Fig.S2 Y. Iguchi et al.)
FIG. S2: Polarization experimentally obtained by Murakawa et al.5 and calculated polarization
based on Eq. (S26) with |λ| = 9× 10−35 Cm.
direction. The spin coordinate system is rotated so that the x-axis is aligned with the
direction of ordered spin moments by the unitary operator
U = exp
(
−i
∑
i
θiS
z
i
)
. (S27)
The spin moments in the rotated system (S˜i) are
U †SiU ≡ S˜i = Rz (θi)Si, (S28)
where
Rz (θi) =


cos θi − sin θi 0
sin θi cos θi 0
0 0 1

 . (S29)
The Hamiltonian (Eq. (S1)) is transformed by U into
H˜ = J
∑
<i,j>
{(
S˜xi S˜
x
j + S˜
y
i S˜
y
j
)
cos (θi − θj) + S˜zi S˜zj +
[
S˜i × S˜j
]z
sin (θi − θj)
}
+K
∑
i
(
S˜zi
)2
+ h
∑
i
{
S˜xi cos (θi − θH)− S˜yi sin (θi − θH)
}
.
(S30)
In the rotated system, the Holstein-Primakoff (H-P) transformations are
S˜xi = S − a†iai, S˜yi =
√
S
2
(
ai + a
†
i
)
+O
(
S−
1
2
)
, S˜zi = −i
√
S
2
(
ai − a†i
)
+O
(
S−
1
2
)
,
(S31)
S˜xj = S−b†jbj , S˜yj =
√
S
2
(
bj + b
†
j
)
+O
(
S−
1
2
)
, S˜zj = −i
√
S
2
(
bj − b†j
)
+O
(
S−
1
2
)
. (S32)
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Here ai, bj and a
†
i , b
†
j are the boson annihilation and creation operators, respectively. In
this supplemental information, we discuss the magnon modes coupled to the microwave.
The microwave wavelength is fairly long compared with the atomic distance. The coupled
magnon modes can be regarded as spatially uniform. Therefore, we assume that ai,a
†
i , bi,
and b†i are independent of atomic site indicated by suffix i. Hereafter, we omit the suffix.
Then the H-P transformed Hamiltonian becomes
H˜ = E¯ + 1
2
Ψ†HMΨ+O
(
S
1
2
)
. (S33)
Here,
E¯ = 4JNS (S + 1) cos 2θ − hN (2S + 1) cos θ, (S34)
Ψ† =
(
a†, b†, a, b
)
, (S35)
HM =


4JS +KS 4JS cos2 θ −KS −4JS sin2 θ
4JS cos2 θ 4JS +KS −4JS sin2 θ −KS
−KS −4JS sin2 θ 4JS +KS 4JS cos2 θ
−4JS sin2 θ −KS 4JS cos2 θ 4JS +KS

 . (S36)
The magnon energy ωn is obtained by the secular equation
ΣzHMun = ωnun, (S37)
where
Σz =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (S38)
The eigenvalues are obtained as:
ω1 = 8JS cos θ
√
1 +
K
4J
= gµBµ0H
√
1 +
HA
2HE
, (S39)
ω2 =
√
16JSKS (1− cos2 θ) = gµBµ0
√√√√2HEHA
(
1−
(
H
2HE
)2)
. (S40)
Here the exchange field HE and the magnetic anisotropy field HA are defined as
HE =
4JS
gµBµ0
, HA =
2KS
gµBµ0
. (S41)
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The diagonalized Hamiltonian is obtained by the Bogoliubov transformation


a
b
a†
b†

 =
1√
2


coshφ2 cosh φ1 − sinh φ2 sinhφ1
− coshφ2 cosh φ1 sinh φ2 sinhφ1
− sinh φ2 sinhφ1 coshφ2 cosh φ1
sinh φ2 sinhφ1 − coshφ2 cosh φ1




α
β
α†
β†

 , (S42)
where
coshφ2 =
√
4JS (1− cos2 θ) +KS
2ω2
+
1
2
, (S43)
sinhφ2 =
√
4JS (1− cos2 θ) +KS
2ω2
− 1
2
,
(
h ≤ 8JS
√
1− K
4J
)
, (S44)
cosh φ1 =
√
4JS (1 + cos2 θ) +KS
2ω1
+
1
2
, (S45)
sinh φ1 =
√
4JS (1 + cos2 θ) +KS
2ω1
− 1
2
. (S46)
H˜ = E¯ + ω2
(
α†α+
1
2
)
+ ω1
(
β†β +
1
2
)
+O
(
S
1
2
)
, (S47)
With use of creation and annihilation operators, we can expressed SA and SB as
SA = mAS −mAa†a+
√
S
2
{
∂mA
∂θA
(
a+ a†
)− izˆ (a− a†)}+O (S− 12) , (S48)
SB = mBS −mBb†b+
√
S
2
{
∂mB
∂θB
(
b+ b†
)− izˆ (b− b†)}+O (S− 12) , (S49)
mA = (cos θA, sin θA, 0) , mB = (cos θB, sin θB, 0) . (S50)
In the case of θH = 0,
∂mA
∂θA
=


sin θ
− cos θ
0

 , ∂mB∂θB =


− sin θ
− cos θ
0

 , (S51)
20
SF = SA + SB
=
√
S
N


sin θ (coshφ2 − sinh φ2)
(
α + α†
)
− cos θ (cosh φ1 + sinhφ1)
(
β + β†
)
−i (cosh φ1 − sinhφ1)
(
β − β†)


−2S


cos θ
0
0


+ (2nd order terms of α, β) +O
(
S−
1
2
)
. (S52)
The dynamical and static components of SF (S
ω
F and S
0
F ) are, respectively, expressed by the
first and second terms as follows:
SωF =
√
S
N


sin θ (cosh φ2 − sinh φ2)
(
α + α†
)
− cos θ (coshφ1 + sinh φ1)
(
β + β†
)
−i (coshφ1 − sinhφ1)
(
β − β†)

 , (S53)
S0F = −2S


cos θ
0
0

 . (S54)
Similarly,
SAF = SA − SB
=
√
S
N


sin θ (cosh φ1 + sinhφ1)
(
β + β†
)
− cos θ (coshφ2 − sinh φ2)
(
α + α†
)
−i (cosh φ2 + sinh φ2)
(
α− α†)


−2S


0
sin θ
0


+ (2nd order terms of α, β) +O
(
S−
1
2
)
. (S55)
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The dynamical and static components of SAF (S
ω
AF and S
0
AF ) are, respectively, defined by
the first and second terms as follows:
SωAF =
√
S
N


sin θ (cosh φ1 + sinh φ1)
(
β + β†
)
− cos θ (coshφ2 − sinh φ2)
(
α + α†
)
−i (coshφ2 + sinh φ2)
(
α− α†)

 , (S56)
S0AF = −2S


0
sin θ
0

 . (S57)
In the case of θH = 3pi/4,
∂mA
∂θA
=
1√
2


cos θ − sin θ
cos θ + sin θ
0

 , ∂mB∂θB =
1√
2


cos θ + sin θ
cos θ − sin θ
0

 , (S58)
SF =
√
S
2N
×

− sin θ (coshφ2 − sinh φ2)
(
α + α†
)
+ cos θ (coshφ1 + sinh φ1)
(
β + β†
)
sin θ (coshφ2 − sinh φ2)
(
α + α†
)
+ cos θ (coshφ1 + sinh φ1)
(
β + β†
)
−√2i (coshφ1 − sinhφ1)
(
β − β†)


+
√
2S cos θ


1
−1
0


+ (2nd order terms of α, β) +O
(
S−
1
2
)
, (S59)
SAF =
√
S
2N
×

cos θ (coshφ2 − sinh φ2)
(
α + α†
)− sin θ (coshφ1 + sinhφ1) (β + β†)
cos θ (coshφ2 − sinh φ2)
(
α + α†
)
+ sin θ (coshφ1 + sinhφ1)
(
β + β†
)
−√2i (coshφ2 + sinh φ2)
(
α− α†)


+
√
2S sin θ


1
1
0

 . (S60)
22
SIV. Microwave non-reciprocity
A. Dynamical Susceptibility tensors
In this section, we discuss dynamical susceptibility tensors for the estimation of microwave
non-reciprocity in the later section. For the magnetoelectric substance, the oscillating elec-
tric and magnetic flux densities (Dω = (Dωx , D
ω
y , D
ω
z ),B
ω = (Bωx , B
ω
y , B
ω
z )) in oscillating
electric and magnetic fields (Eω = (Eωx , E
ω
y , E
ω
z ), H
ω = (Hωx , H
ω
y , H
ω
z )) can be expressed as:
Dωi = ε0(ε∞ + χ
ee
ij )E
ω
j +
√
ε0µ0χ
em
ij Hj, (S61)
Bωi = µ0(1 + χ
mm
ij )H
ω
j +
√
ε0µ0χ
me
ij Ej, (S62)
where χmm, χee, χem and χme are magnetic, electric, electromagnetic, and magnetoelectric
dynamical tensors, respectively. ε0 is the permittivity in vacuum. ε∞ is the relative permit-
tivity at high frequency. According to ref. 98, ε∞ ≈ 14. The nonzero component of these
dynamical susceptibility tensors can be determined by the symmetry analysis6,7. Let us
discuss them under H ‖[100] and H ‖[11¯0] corresponding to the experiments. The magnetic
point groups are 22′2′ and m′m2′ for H ‖[100] and H ‖[11¯0], respectively. Therefore, for
H ‖[100],
χmm =


χmmxx 0 0
0 χmmyy χ
mm
yz
0 −χmmyz χmmzz

 , χee =


χeexx 0 0
0 χeeyy χ
ee
yz
0 −χeeyz χeezz

 ,
χme =


χmexx 0 0
0 χmeyy χ
me
yz
0 χmezy χ
me
zz

 , χem =


−χmexx 0 0
0 −χmeyy χmezy
0 χmeyz −χmezz

 , (S63)
where x ‖ [100],y ‖ [010] and z ‖ [001]. For H ‖[11¯0],
χmm =


χmmxx 0 χ
mm
xz
0 χmmyy 0
−χmmxz 0 χmmzz

 , χee =


χeexx 0 χ
ee
xz
0 χeeyy 0
−χeexz 0 χeezz

 ,
χme =


0 0 χmexz
0 0 χmeyz
χmezx χ
me
zy 0

 , χem =


0 0 −χmezx
0 0 χmezy
−χmexz χmeyz 0

 , (S64)
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where x ‖ [110],y ‖ [001] and z ‖ [11¯0].
The dynamical susceptibility tensors at T = 0 are obtained by the Kubo formula as
follows;
χmeβγ =
NV
h¯
√
µ0
ε0
∑
n
〈0 |∆Mβ|n〉 〈n |∆Pγ| 0〉
ω − ωn + iδ , (S65)
χemβγ =
NV
h¯
√
µ0
ε0
∑
n
〈0 |∆Pβ|n〉 〈n |∆Mγ | 0〉
ω − ωn + iδ , (S66)
χmmβγ =
NV
h¯
µ0
∑
n
〈0 |∆Mβ |n〉 〈n |∆Mγ | 0〉
ω − ωn + iδ , (S67)
χeeβγ =
NV
h¯
1
ε0
∑
n
〈0 |∆Pβ|n〉 〈n |∆Pγ| 0〉
ω − ωn + iδ , (S68)
where |0〉 is the ground state and |n〉 is the magnon excited state. Here, ∆M and ∆P
are, respectively, the dynamical polarization and magnetization induced by the magnons
expressed as follows;
∆M = − 1
2NV
2N∑
i
gµB∆Si ≃ − 1
V
gµBS
ω
F, (S69)
∆P =
λ
NV
2N∑
i
4∑
j
(Si · eij) (∆Si · eij) eij
=
4dflλ
V


S0F,yS
ω
F,z + S
ω
F,yS
0
F,z + S
0
AF,yS
ω
AF,z + S
ω
AF,yS
0
AF,z
S0F,xS
ω
F,z′ + S
ω
F,xS
0
F,z′ + S
0
AF,xS
ω
AF,z′ + S
ω
AF,xS
0
AF,z
S0F,xS
ω
F,y + S
ω
F,xS
0
F,y + S
0
AF,xS
ω
AF,y + S
ω
AF,xS
0
AF,y

 . (S70)
B. Microwave non-reciprocity in coplanar waveguide
In order to theoretically obtain the microwave non-reciprocity, we should estimate the
damping rate of microwave in the microwave coplanar waveguide with sample. We assume
that x′y′z′-coordinate is fixed to the microwave wave guide. The x′-direction is along the
microwave propagation direction. y′ is parallel to the coplanar pattern but perpendicular
to x′. The z′ direction is perpendicular to the coplanar pattern. In our experimental
setup, the microwave is composed of two linearly polarized waves (polarization 1: Eω ‖ z′,
Hω ‖ y′) and (polarization 2: Eω ‖ y′, Hω ‖ z′). For simplicity, we assume the two
polarizations are equally mixed. We also assume that the linear polarization is approximately
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maintained in the substance. In order to estimate the refractive index for the polarization
1 (Eω ‖ z′,Hω ‖ y′), We put Eωx′ = Eωy′ = Hωx′ = Hωz′ = 0, Eωz′ = |Eωz′| exp [i(kx′ − ωt)],
Hωy′ =
∣∣Hωy′∣∣ exp [i(kx′ − ωt)] into the Maxwell equations, and obtain
− kEωz′ = ω
{(
1 + χmmy′y′
)
µ0H
ω
y′ + χ
me
y′z′
√
ε0µ0E
ω
z′
}
, (S71)
kHωy′ = −ω
{
(ε∞ + χ
ee
z′z′) ε0E
ω
z′ + χ
em
z′y′
√
ε0µ0H
ω
y′
}
. (S72)
From the requirement of existence of solution other than Eωz = H
ω
y = 0, we get
k = ω
√
ε0µ0
(
−χ
me
y′z′ + χ
em
z′y′
2
±
√
(ε∞ + χ
ee
z′z′)
(
1 + χmmy′y′
))
. (S73)
The magnitude of second term is much larger than that of first term. Therefore, the upper
sign is corresponding to the k > 0 solution while the lower sign to the k < 0 solution. The
difference of refractive indices n for positive and negative k is
∆n = − (χmey′z′ + χemz′y′) . (S74)
The average of refractive indices is
n¯ =
√
(ε∞ + χ
ee
z′z′)
(
1 + χmmy′y′
)
. (S75)
Because the absorption coefficient α is expressed as ωIm [n] /c, the difference of absorption
coefficient is
∆α1 = −ω
c
Im
[
χmey′z′ + χ
em
z′y′
]
, (S76)
and the average of absorption coefficient is
α¯1 =
ω
c
Im
[√
(ε∞ + χeez′z′)
(
1 + χmmy′y′
)]
. (S77)
The suffix ”1” stands for the first polarization (Eω ‖ z, Hω ‖ y).
On the other hand, for the polarization Eω ‖ y′,Hω ‖ z′ (polarization 2), the microwave
non-reciprocity and the average of microwave absorption are, respectively,
∆α2 =
ω
c
Im
[
χmez′y′ + χ
em
y′z′
]
, (S78)
α¯2 =
ω
c
Im
[√(
ε∞ + χeey′y′
)
(1 + χmmz′z′ )
]
. (S79)
We assume the relative magnitude of the microwave non-reciprocity in our experiment is
corresponding to
∆α
α¯
≃ ∆α1 +∆α2
α¯1 + α¯2
. (S80)
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The microwave absorption spectrum is obtained from the absorption coefficients as follows;
∆S12 +∆S21 = −2α¯L× 20 log10 e, (S81)
∆S12 −∆S21 = −∆αL× 20 log10 e. (S82)
Here L is the propagation length of microwave in a sample. Thus the relative magnitude of
the microwave non-reciprocity is equivalent to the experimental value.
2
∆S12 −∆S21
∆S12 +∆S21
=
∆α
α¯
(S83)
C. Microwave non-reciprocity for H ‖ [100] and Hω ⊥ [100]
In this subsection, we theoretically estimate the non-reciprocity forH ‖ [100],Hω ⊥ [100].
The real and imaginary part of the dynamical susceptibilities are expressed as follows:
Im
[
χmey′z′ + χ
em
z′y′
]
=
NV
h¯
√
µ0
ε0
∑
n
−2δ 〈0 |∆My′ |n〉 〈n |∆P ′z| 0〉
(ω − ωn)2 + δ2
, (S84)
Im
[
χmez′y′ + χ
em
y′z′
]
=
NV
h¯
√
µ0
ε0
∑
n
−2δ 〈0 |∆Mz′ |n〉
〈
n
∣∣∆P ′y∣∣ 0〉
(ω − ωn)2 + δ2
, (S85)
Im [χeez′z′] =
NV
h¯
1
ε0
∑
n
−δ 〈0 |∆P ′z|n〉 〈n |∆P ′z| 0〉
(ω − ωn)2 + δ2
, (S86)
Re [χeez′z′] =
NV
h¯
1
ε0
∑
n
(ω − ωn) 〈0 |∆P ′z|n〉 〈n |∆P ′z| 0〉
(ω − ωn)2 + δ2
, (S87)
Im
[
χeey′y′
]
=
NV
h¯
1
ε0
∑
n
−δ 〈0 ∣∣∆P ′y∣∣n〉 〈n ∣∣∆P ′y∣∣ 0〉
(ω − ωn)2 + δ2
, (S88)
Re
[
χeey′y′
]
=
NV
h¯
1
ε0
∑
n
(ω − ωn)
〈
0
∣∣∆P ′y∣∣n〉 〈n ∣∣∆P ′y∣∣ 0〉
(ω − ωn)2 + δ2
, (S89)
Im
[
χmmy′y′
]
=
NV
h¯
µ0
∑
n
−δ 〈0 |∆My′ |n〉 〈n |∆My′ | 0〉
(ω − ωn)2 + δ2
, (S90)
Re
[
χmmy′y′
]
=
NV
h¯
µ0
∑
n
(ω − ωn) 〈0 |∆My′ |n〉 〈n |∆My′ | 0〉
(ω − ωn)2 + δ2
, (S91)
Im [χmmz′z′ ] =
NV
h¯
µ0
∑
n
−δ 〈0 |∆Mz′|n〉 〈n |∆Mz′| 0〉
(ω − ωn)2 + δ2
, (S92)
Re [χmmz′z′ ] =
NV
h¯
µ0
∑
n
(ω − ωn) 〈0 |∆Mz′ |n〉 〈n |∆Mz′ | 0〉
(ω − ωn)2 + δ2
. (S93)
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FIG. S3: (a),(b) Experimental setups for the microwave non-reciprocity measurements (a) for
H ‖ [100], Hω ⊥ [100] and (b) for H ‖ [11¯0], Hω ⊥ [110].
The matrix elements of ∆M and ∆P are
〈0 |∆My′ |α〉 = 〈α |∆My′ | 0〉 = 0, (S94)
〈0 |∆My′ |β〉 = 〈β |∆My′ | 0〉 = gµB
V
√
S
N
cos θ (cosh φ1 + sinh φ1) , (S95)
〈0 |∆Mz′ |α〉 = 〈α |∆Mz′ | 0〉 = 0, (S96)
〈0 |∆Mz′ |β〉 = −〈β |∆Mz′ | 0〉 = igµB
V
√
S
N
(cosh φ1 − sinhφ1) , (S97)
〈0 |∆Py′ |α〉 = 〈α |∆Py′ | 0〉 = 0, (S98)
〈0 |∆Py′ |β〉 = −〈β |∆Py′ | 0〉 = i8dflSλ
V
√
S
N
cos θ (cosh φ1 − sinhφ1) , (S99)
〈0 |∆Pz′ |α〉 = 〈α |∆Pz′| 0〉 = 0, (S100)
〈0 |∆Pz′ |β〉 = 〈β |∆Pz′ | 0〉 = 8dflSλ
V
√
S
N
(2 cos2 θ − 1) (coshφ1 + sinhφ1) , (S101)
(S102)
where |α〉 = α† |0〉 and |β〉 = β† |0〉. At ω = ω2 (n = α), the microwave absorption is zero.
The relative microwave non-reciprocity at ω = ω1 (n = β) is
∆α
α¯
=
16dflS2λgµB
V h¯δ
√
µ0
ε0
{
cos θ
(
2 cos2 θ − 1) (coshφ1 + sinhφ1)2 − cos θ (coshφ1 − sinh φ1)2}
×
√
2

 Y1√
X1 +
√
X21 + Y
2
1
+
Y2√
X2 +
√
X22 + Y
2
2


−1
, (S103)
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where
X1 = ε∞ −
(
8dflS2gµBλ
h¯V δ
)2
µ0
ε0
(
2 cos2 θ − 1)2 cos2 θ (cosh φ1 + sinhφ1)4 , (S104)
X2 = ε∞ −
(
8dflS2gµBλ
h¯V δ
)2
µ0
ε0
cos2 θ (coshφ1 − sinh φ1)4 , (S105)
Y1 =
(
8dflS
3
2λ
)2
h¯V ε0δ
(
2 cos2 θ − 1)2 (cosh φ1 + sinh φ1)2 + ε∞µ0gµ2BS
h¯V δ
cos2 θ (coshφ1 + sinh φ1)
2 ,
(S106)
Y2 =
(
8dflS
3
2λ
)2
h¯V ε0δ
cos2 θ (coshφ1 − sinh φ1)2 + ε∞µ0gµ
2
BS
h¯V δ
(coshφ1 − sinh φ1)2 . (S107)
The magnetic field dependence at ω1 is plotted in Fig. S4(a). Here the value of δ was
estimated as δ = 1.4 GHz by the comparison of measured and calculated absorption spectra.
D E
Ȧ = Ȧ1
H || [100], HȦ ྋ [100]
Ȧ = Ȧ1
H || [110],HȦྋ [110]
Ȧ = Ȧ2
N
o
n
-r
e
c
ip
ro
c
it
y
Fig.S4 Y. Iguchi et al.)
N
o
n
-r
e
c
ip
ro
c
it
y
FIG. S4: (a),(b) Relative microwave non-reciprocity ∆α/2α¯ = (∆S12 −∆S21) / (∆S12 +∆S21)
(a) at ω = ω1 for H ‖ [100], Hω ⊥ [100] and (b) for H ‖ [11¯0], Hω ⊥ [110] at ω = ω1 (solid line)
and ω = ω2 (dashed line).
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D. Microwave non-reciprocity for H ‖ [11¯0], Hω ⊥ [110]
For H ‖ [11¯0] and Hω ⊥ [110], the matrix elements of ∆M and ∆P are
〈0 |∆My′ |α〉 = 〈α |∆My′ | 0〉 = 0, (S108)
〈0 |∆My′ |β〉 = −〈β |∆My′ | 0〉 = igµB
V
√
S
N
(cosh φ1 − sinhφ1) , (S109)
〈0 |∆Mz′ |α〉 = 〈α |∆Mz′ | 0〉 = gµB
V
√
S
N
sin θ (cosh φ2 − sinhφ2) , (S110)
〈0 |∆Mz′ |β〉 = 〈β |∆Mz′ | 0〉 = 0, (S111)
〈0 |∆Py′ |α〉 = 〈α |∆Py′ | 0〉 = 16dflSλ
V
√
S
N
sin θ cos θ (coshφ2 − sinhφ2) , (S112)
〈0 |∆Py′ | β〉 = 〈β |∆Py′ | 0〉 = 0, (S113)
〈0 |∆Pz′|α〉 = 〈α |∆Pz′ | 0〉 = 0, (S114)
〈0 |∆Pz′| β〉 = −〈β |∆Pz′ | 0〉 = i8dflSλ
V
√
S
N
cos θ (cosh φ1 − sinhφ1) . (S115)
The relative microwave non-reciprocity at ω = ω1 (n = β) is
∆α
α¯
=
16dflS2λgµB
V h¯
√
µ0
ε0
cos θ
{
δ
(ω2 − ω1)2 + δ2 (coshφ2 − sinhφ2)
2 +
2 sin2 θ
δ
(coshφ1 − sinh φ1)2
}
×
√
2

 Y1√
X1 +
√
X21 + Y
2
1
+
Y2√
X2 +
√
X22 + Y
2
2


−1
, (S116)
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where
X1 = ε∞ − µ0
ε0
(
8dflS2λgµB
h¯V
)2
1
δ2
cos2 θ (coshφ1 − sinh φ1)4 , (S117)
X2 = ε∞ + ε∞
(gµB)
2 Sµ0
h¯V
ω2 − ω1
(ω2 − ω1)2 + δ2 sin
2 θ (cosh φ2 − sinhφ2)2
+
(16dflλ)2 S3
h¯V ε0
ω1 − ω2
(ω1 − ω2)2 + δ2 cos
2 θ (cosh φ2 − sinhφ2)2
−µ0
ε0
(
16dflS2λgµB
h¯V
)2(
δ
(ω1 − ω2)2 + δ2
)2
sin4 θ cos2 θ (coshφ2 − sinh φ2)4 ,
(S118)
Y1 =
(8dflλ)2 S3
h¯V ε0
cos2 θ
δ
(coshφ1 − sinh φ1)2
+ε∞
µ0g
2µ2BS
h¯V
1
δ
(cosh φ1 − sinhφ1)2 , (S119)
Y2 = ε∞
(gµB)
2µ0S
h¯V
δ sin2 θ
(ω1 − ω2)2 + δ2 (coshφ2 − sinhφ2)
2
+
S3(16dflλ)2
h¯V ε0δ
δ sin2 θ cos2 θ
(ω1 − ω2)2 + δ2 (cosh φ2 − sinh φ2)
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(
gµB8dflS
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4 . (S120)
The relative microwave non-reciprocity at ω = ω2 (n = α) is
∆α
α¯
=
16dflS2λgµB
V h¯
√
µ0
ε0
cos θ
{
2 sin2 θ
δ
(coshφ2 − sinh φ2)2 + δ
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}
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2
1
+
Y2√
X2 +
√
X22 + Y
2
2


−1
, (S121)
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X1 = ε∞ + ε∞
(gµB)
2 Sµ0
h¯V
ω2 − ω1
(ω2 − ω1)2 + δ2 sin
2 θ (coshφ2 − sinh φ2)2
+
(8dflλ)2 S3
h¯V ε0
ω2 − ω1
(ω2 − ω1)2 + δ2 cos
2 θ (coshφ1 − sinh φ1)2
−µ0
ε0
(
8dflS2λgµB
h¯V
)2(
δ
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)2
cos2 θ (cosh φ1 − sinhφ1)4 , (S122)
X2 = ε∞ − µ0
ε0
(
16dflS2λgµB
h¯V
)2
sin4 θ cos2 θ
δ2
(coshφ2 − sinh φ2)4 , (S123)
Y1 =
(8dflλ)2 S3
h¯V ε0
δ
(ω2 − ω1)2 + δ2 cos
2 θ (cosh φ1 − sinhφ1)2
+ε∞
µ0g
2µ2BS
h¯V
δ
(ω2 − ω1)2 + δ2 (cosh φ1 − sinhφ1)
2
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µ0
ε0
(
gµB8dflS
2λ
h¯V
)2
cos2 θ
δ(ω2 − ω1)
(ω2 − ω1)2 + δ2 (coshφ1 − sinh φ1)
4 , (S124)
Y2 = ε∞
(gµB)
2µ0S
h¯V δ
sin2 θ (coshφ2 − sinh φ2)2
+
S3(16dflλ)2
h¯V ε0δ
sin2 θ cos2 θ (coshφ2 − sinh φ2)2 . (S125)
∆α/2α¯ at ω1 and ω2 are plotted in Fig. S4(b). These are quite small compared with the
case of H ‖ [100],Hω ⊥ [100].
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